Inflationary gravitational waves in consistent $D\to 4$
  Einstein-Gauss-Bonnet gravity by Aoki, Katsuki et al.
YITP-20-124, IPMU20-0104
Inflationary gravitational waves in consistent D → 4
Einstein-Gauss-Bonnet gravity
Katsuki Aoki1∗, Mohammad Ali Gorji1†, Shuntaro Mizuno2‡, Shinji Mukohyama1,3§
1Center for Gravitational Physics, Yukawa Institute for Theoretical Physics, Kyoto University,
606-8502, Kyoto, Japan
2 Department of Liberal Arts and Engineering Sciences, National Institute of Technology,
Hachinohe college, 039-1192, Aomori, Japan
3Kavli Institute for the Physics and Mathematics of the Universe (WPI), The University of Tokyo,
277-8583, Chiba, Japan
Abstract
We study the slow-roll single field inflation in the context of the consistent D → 4 Einstein-
Gauss-Bonnet gravity that was recently proposed in [1]. In addition to the standard attractor
regime, we find a new attractor regime which we call the Gauss-Bonnet attractor as the
dominant contribution comes from the Gauss-Bonnet term. Around this attractor solution,
we find power spectra and spectral tilts for the curvature perturbations and gravitational
waves (GWs) and also a model-independent consistency relation among observable quantities.
The Gauss-Bonnet term provides a nonlinear k4 term to the GWs dispersion relation which
has the same order as the standard linear k2 term at the time of horizon crossing around the
Gauss-Bonnet attractor. The Gauss-Bonnet attractor regime thus provides a new scenario for
the primordial GWs which can be tested by observations. Finally, we study non-Gaussianity
of GWs in this model and estimate the nonlinear parameters f s1s2s3NL, sq and f
s1s2s3
NL, eq by fitting the
computed GWs bispectra with the local-type and equilateral-type templates respectively at
the squeezed limit and at the equilateral shape. For helicities (+ + +) and (−−−), fs1s2s3NL, sq is
larger while fs1s2s3NL, eq is larger for helicities (+ +−) and (−−+).
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1 Introduction
According to the Lovelock theorem [2,3], under a set of reasonable assumptions, the local gravita-
tional equation of motion for a four dimensional metric is uniquely given by the Einstein equation
with or without the cosmological constant. Therefore, in order to modify general relativity (GR),
one needs to break at least one of the assumptions in the Lovelock theorem. Nonetheless, it was
recently proposed in [4] that one could obtain a covariant gravitational equation of motion for a
four dimensional metric by taking a singular D → 4 limit of Einstein-Gauss-Bonnet gravity in
D > 4 dimensions, that the theory would propagate only two local physical degrees of freedom and
that the theory would be different from GR. As a statement about the equation of motion for a
four-dimensional metric, this proposal explicitly contradicts with the Lovelock theorem. Indeed,
there have been many papers in the literature that pointed out inconsistencies and ambiguities of
the proposal. For example, the resulting equations of motion in four dimensions are not regular
in general [5] (see also [6–8]) and there is no regular action that reproduces the suggested regu-
larized equations of motion [9]. It was also shown that taking the limit of the action from higher
dimensions, in the simplest case one ends up with a scalar-tensor theory [10–12]. It is possible to
reproduce the solutions that were found in [4] while the extra scalar degree of freedom becomes
strongly coupled around those solutions [11] and, therefore, one cannot trust the solutions of [4]
in its scalar-tensor realizations suggested in [10–12]. The appearance of this extra scalar mode
under the limit D → 4 is also deduced from different perspectives through the calculations of the
gravitational amplitudes in D > 4 dimensional spacetime [13] and also a regularization based on
a conformal transformation [14–16]. Moreover, under the general criterion of Lorentz invariance,
unitarity and locality, it is shown that there is not any new gravitational amplitudes for the limit
D → 4. However, the more fundamental issue is that the limit D → 4 is not unique in general so
that, depending on the properties of the extra dimensional space, many models with many extra
degrees of freedom would appear. Therefore, it was not possible to define the theory completely in
a four dimensional spacetime without any reference to the information about the extra dimensions.
Ref. [1], after taking into account all those issues, proposed a consistent theory of D → 4
Einstein-Gauss-Bonnet gravity that propagates only two local physical degrees of freedom at the
fully nonlinear level. First, it was confirmed that taking the limit D → 4 either breaks the diffeo-
morphism invariance or leads to extra degree(s) of freedom in agreement with the Lovelock theorem.
Second, as we explained above, in the simplest direct realization of D → 4 limit with one scalar
degree of freedom, the resultant theory is not new if it is not ill-defined. In practice, the D → 4 limit
with the extra degree(s) of freedom is generically pathological due to the infinite strong coupling as
discussed in [17] unless a different scaling limit of α is considered [13]. Therefore, the only possibility
to realize a new consistent formulation of the D → 4 Einstein-Gauss-Bonnet theory with two local
physical degrees of freedom is to break the diffeomorphism invariance. Finally, the construction of a
four dimensional theory along this line was systematically and consistently done in [1] by breaking
only time diffeomorphism in the context of the minimally modified gravity models [18–24].
For the consistent version of 4-dimensional Einstein-Gauss-Bonnet (4DEGB) gravity, since there
is not time diffeomorphism in the theory, it is natural to work with the Arnowitt-Deser-Misner
2
(ADM) formalism with the 4-dimensional metric of the form
ds2 = gµνdx
µdxν = −N2dt2 + γij(dxi +N idt)(dxj +N jdt) , (1.1)
in which N is the lapse function, N i is the shift vector, and γij denotes the spatial metric. All
matter fields would then minimally couple to the above metric. The gravitational action is given
by [1]
Sg =
M2Pl
2
∫
dtd3xN
√
γ
[
2R−M+ α˜R24DGB
]
, (1.2)
R24DGB ≡
1
2
(
8R2 − 4RM−M2 − 8
3
(
8RijR
ij − 4RijMij −MijMij
))
, (1.3)
where
Mij ≡ Rij +KkkKij −KikKkj, M≡Mii , (1.4)
and
Kij ≡ 1
2N
(γ˙ij − 2D(iNj) − γijD2λGF) . (1.5)
Here, a dot denotes the derivative with respect to t. The theory defined by the action (1.2) has
the following five properties: (i) it is invariant under 3-dimensional spatial diffeomorphism; (ii) the
number of the local physical degrees of freedom is two as in GR; (iii) it reduces to GR for α˜ = 0; (iv)
all Gauss-Bonnet corrections R24DGB are 4th-order in derivatives; (v) if the Weyl tensor of the spatial
metric and Weyl piece of KikKjl − KilKjk, where Kij = 12N (γ˙ij − 2D(iNj)), vanish for a solution
of D-dimensional Einstein-Gauss-Bonnet gravity, the D → 4 limit of this solution is a solution of
4DEGB theory defined by the action (1.2). The last condition makes it quite reasonable to consider
this well-defined theory as 4-dimensional realization of the Einstein-Gauss-Bonnet gravity.
In addition to the spatial diffeomorphism, the action (1.2) also enjoys the time reparametrization
symmetry while it does not respect the full spacetime diffeomorphism and it is Lorentz violating.
Clearly, the time diffeomorphism is broken only with the Gauss-Bonnet corrections and, therefore,
Lorentz violation is suppressed by α˜ in the gravity sector. The Lorentz violation would also pene-
trate to the matter sector through the graviton loops which is suppressed not only by α˜ but also
by negative powers of M2Pl. Therefore, the Lorentz violation in the theory is under control. The
conditions (i)-(v) then uniquely determine the consistent 4DEGB theory with the action (1.2) up
to a choice of the gauge-fixing constraint which is enforced by the Lagrange multiplier λGF. The
existence of the gauge-fixing term is necessary to have a consistent Lorentz-violating theory [1]. We
have chosen the gauge-fixing constraint so that it can be compatible with the cosmological solution
and the black hole solution suggested by [4]. The gauge-fixing constraint used in the present paper
reduces to the constant mean curvature slice K = K(t) when we take the GR limit α˜→ 0. In the
case of homogeneous cosmological backgrounds and also spherically symmetric backgrounds but
with any value of α˜, the constraint is trivially satisfied and one can set λGF to zero in practice
and (1.5) reduces to the standard extrinsic curvature. Moreover, in Ref. [17] we showed that also
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for linear cosmological perturbations λGF(t,x) does not play any role and one can set it to zero in
practice. However, for nonlinear perturbations λGF(t,x) cannot set to zero in general.
Having constructed a new modified gravity theory, it is quite interesting to look at its application
in cosmology and black hole physics. In the case of cosmology, as a first step, the linear cosmological
perturbations were studied in Ref. [17] and it was shown that they are free of any disastrous
instabilities and that interestingly the dispersion relation of the tensor modes receives nonlinear
corrections from the Gauss-Bonnet term. Therefore, as a next step, in the present paper we shall
study linear and also nonlinear primordial gravitational waves (GWs) in this scenario to look for the
nontrivial effects of the Gauss-Bonnet term during inflation. Indeed, non-Gaussianity of GWs was
recently studied in the context of modified gravity theories [25–29]. The spectrum of the GWs is
independent of the inflationary model and therefore we will be able to find some model-independent
properties of the inflationary scenarios based on the 4DEGB gravity. In this regard, we find the
characteristic properties of the theory which makes it different than GR and also other modified
theories of gravity.
The rest of the paper is organized as follows: In Section 2, we consider the standard slow-roll
inflation in the consistent 4DEGB gravity framework and we obtain the background equations and
power spectrum of the curvature perturbations. In Section 3 we study linear tensor perturbations
and we find the power spectrum for the primordial GWs. In Section 4, we study the non-Gaussianity
of the primordial GWs. In Section 5 we find a model-independent consistency relation for the
inflationary observables and we discuss the implications of CMB observational bounds. Section 6 is
devoted to the summary and discussions and we present some details of calculations in appendices
A and B.
2 Single field inflation
In this section, we consider slow-roll single field inflation in the consistent version of 4DEGB gravity.
The action for the inflaton scalar field φ with canonical kinetic term and slow-roll potential V (φ)
is given by
Sφ =
∫
d3xdtN
√
γ
[ 1
2N2
(φ˙−N i∂iφ)2 − 1
2
γij∂iφ∂jφ− V (φ)
]
. (2.1)
We consider the simplest inflationary model so that, similar to the standard matter fields, the
inflaton action minimally couples to the gravitational action of the consistent 4DEGB shown in Eq.
(1.2). The total action of the system is given by
S = Sg + Sφ . (2.2)
In the limit α˜ → 0, the action (2.2) reduces to the action of the standard single field inflation
and, therefore, we recover the results of the standard slow-roll single field inflation at the background
level and any order of perturbations.
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2.1 Background equations
We consider the spatially flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) background
N = N¯(t) , N i = 0 , γij = a(t)
2δij , (2.3)
where a(t) is the scale factor. We also consider the homogeneous and isotropic background value
λGF = λ¯GF(t) for the gauge-fixing parameter which after substituting in (1.5) results in
Kij = Hδij , H ≡ a˙
N¯a
, (2.4)
where H is the Hubble expansion rate. We see that Kij coincides with the extrinsic curvature
of constant time hypersurfaces. This is because the gauge-fixing term does not contribute to the
cosmological background equations. Substituting this homogeneous configuration for the gravity
sector together with the homogeneous background value φ = φ¯(t) for the scalar field to the total
action (2.2), we obtain the minisuperspace action
S¯ = V
∫
dtN¯a3
[( ˙¯φ
N¯
)2
− V (φ)− 3M2PlH2 − α˜M2PlH4
]
, (2.5)
where V = ∫ d3x is the spatial volume which will be assumed to be large enough but finite.
Varying the above action with respect to the lapse function, we find the first Friedmann equation
3M2Pl
(
H2 + α˜H4
)
=
1
2
φ˙2 + V , (2.6)
where we have set N¯ = 1 after taking the variation by using the time reparametrization symmetry
and the dot now coincides with the time derivative with respect to the cosmic time. From now on
we set N¯ = 1. Varying the minisuperspace action with respect to the scale factor gives the second
Friedmann equation
− 2M2PlΓH˙ = φ˙2 , Γ ≡ 1 + 2α˜H2 . (2.7)
The equation of motion for the scalar field can be deduced by taking variation with respect to
the scalar field as
φ¨+ 3Hφ˙+ V,φ = 0 , (2.8)
where V,φ denotes derivative of the potential with respect to the scalar field.
The geometric slow-roll parameter is given by
 = − H˙
H2
= 0
(Γ + 1
2Γ
)
, 0 ≡ |α˜=0 = 3φ˙
2
φ˙2 + 2V
, (2.9)
where 0 is the slow-roll parameter for the standard inflation in the absence of Gauss-Bonnet
corrections. The second geometric slow-roll parameter then turns out to be
η =
˙
H
= η0 + 0
(Γ− 1
Γ2
)
, η0 ≡ η|α˜=0 = ˙0
0H
, (2.10)
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where η0 is the second slow-roll parameter for the standard inflation in the absence of Gauss-Bonnet
corrections.
Since (Γ + 1)/2Γ ≤ 1 and (Γ− 1)/Γ2 < 1, as far as 0  1 and η0  1, the slow-roll conditions
  1 and η  1 hold irrespective of the values of α˜H2. Therefore, considering a scalar field
with standard slow-roll potential, the quasi-de Sitter solution is always an attractor solution in
our setup. In this respect, for a given potential V (φ) we have one-parameter family of attractor
solutions parameterized by the Gauss-Bonnet coupling constant α˜. The Gauss-Bonnet corrections
to the background equations are all of the order of α˜H2 and we do not need to assume α˜H2  1.
Indeed as we will show later, depending on the values of α˜, α˜H2  1 is as viable as α˜H2  1. We
therefore consider the following two interesting regimes{
 ≈ 0 and η ≈ η0 for α˜H2  1
 ≈ 1
2
0 and η ≈ η0 for α˜H2  1
(2.11)
For α˜H2  1, we find the standard attractor regime which is expected for α˜ = 0 while we find
a new attractor solution for α˜H2  1 which we call Gauss-Bonnet attractor since the dominant
contribution is given by the Gauss-Bonnet term in this case.
2.2 Power spectrum of curvature perturbations
Having shown the existence of an attractor quasi-de Sitter background solution, we consider scalar
perturbations around this homogeneous background as follows
N = 1 + A , N i = δij∂jB , γij = a
2
(
(1 + 2ψ)δij + ∂i∂jE
)
, λGF = λ¯GF + δλ φ = φ¯(t) + δφ .
(2.12)
We deal with six variables (A,B, ψ,E, δλ, δφ) for scalar perturbations and the theory is only
invariant under the spatial diffeomorphism, which at the level of linear perturbations reduces to
xi → xi + ξi. Using the usual decomposition ξi = δij∂jξ in terms of a spatial scalar ξ, we can set
E = 0 by fixing this gauge freedom. Moreover, the scalar mode δλ does not play any roles for the
linear scalar perturbations as we have explicitly shown in [17]. We therefore set it to zero δλ = 0
and we are left with four scalar modes (A,B, ψ, δφ)1. Computing the quadratic action from Eq.
(2.2), we find that the two variables A and B are non-dynamical and thus can be integrated out.
The resultant action apparently has kinetic terms for both of the remaining variables ψ and δφ
while we know that there should be only one scalar degree of freedom by definition [1]. This fact
can be manifestly seen if we define the following combination
ζ ≡ ψ − H
˙¯φ
δφ , (2.13)
1Practically, we can set δλ = 0 from the beginning to discuss the dynamics of the curvature perturbations ζ
defined by (2.13) and to compute the power spectrum and the spectral tilt. However, δλ is needed to determine the
dynamics of all the perturbations variables. See [17] for the detailed discussions.
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in terms of which, it is straightforward to show that the quadratic action for the scalar perturbations
takes the form [17]
SSS = M2Pl
∫
dtd3k a3Γ
[
ζ˙2 − k
2
a2
ζ2
]
, (2.14)
where Γ is defined in Eq. (2.7). The scalar variable ζ defined in (2.13) is nothing but the curvature
perturbations which are of interest in inflationary cosmology. The corresponding equation of motion
is given by
ζ¨ + 3H
(
1 +
η
3
− 4α˜H
2
3Γ
)
ζ˙ +
k2
a2
ζ = 0 , (2.15)
which reduces to the standard Mukhanov-Sasaki equation for the single field inflation for α˜ = 0.
Defining the canonical field
ζ¯ = MPl
(
a
√
2Γ
)
ζ , (2.16)
and working with the conformal time τ =
∫
dt/a(t), the action (2.14) becomes
SSS =
1
2
∫
dτd3k
[
ζ¯ ′2 −
(
k2 −
(
a
√
Γ
)′′
a
√
Γ
)
ζ¯2
]
, (2.17)
where the prime denotes the derivative with respect to the conformal time.
In order to quantize the system, we treat the field ζ¯(τ,k) as a quantum operator and we expand
it in terms of creation and annihilation operators as
ˆ¯ζ(τ,k) = ζ¯k(τ)aˆk + ζ¯
∗
k(τ)aˆ
†
−k ,
[
ak, a
†
k′
]
= (2pi)3δ(k− k′) . (2.18)
The mode function ζ¯k(τ) then satisfies
ζ¯ ′′k +
(
k2 − ν
2
S − 1/4
τ 2
)
ζ¯k = 0 , (2.19)
where we have defined
νS ≡ 3
2
+

Γ
+
η
2
+ ξ2S , ξ
2
S ≡
1
6
(
η +
η˙
H
)
+

3Γ
(5+ η)− 2
2
3Γ2
. (2.20)
We have neglected the terms that are third or higher order in the slow-roll parameters, and also
we have used the relation a = − 1
(1−)Hτ in quasi-de Sitter spacetime. Imposing the Bunch-Davies
initial condition, we find the positive frequency solution for Eq. (2.19) as
ζ¯k(τ) = e
i(1+2νS)pi/4
√
pi
2
√−τH(1)νS (−kτ) , (2.21)
where H
(1)
νS is the Hankel function of the first kind and we have chosen the phase factor so that we
recover ζ¯k(τ) =
e−ikτ√
2k
(
1− i
kτ
)
for νS = 3/2.
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The dimensionless power spectrum of the curvature perturbations is defined as 〈ζ(τ,k)ζ(τ,k′)〉 ≡
(2pi2/k3)∆2ζ(k)(2pi)
3δ(k + k′) which for the large scale modes at the time of horizon crossing turns
out to be
∆2ζ(k) =
(1− )2
8pi2Γ
( H
MPl
)2( Γ(νS)
Γ(3/2)
)2(−kτ
2
)3−2νS
, (2.22)
where Γ(νS) is the Gamma function with Γ(3/2) =
√
pi/2.
The spectral index representing the deviation from the scale-invariance is determined as
nS − 1 ≡
d ln ∆2ζ
d ln k
= 3− 2νS = −2
Γ
− η − 2ξ2S . (2.23)
Now, let us look at the leading term in the power spectrum and the spectral tilt in the two
different limits defined in Eq. (2.11). Then, from Eq. (2.22) we find
∆2ζ ≈
{
1
8pi2
(
H
MPl
)2 1
0
for α˜H2  1
1
8pi2
1
α˜M2Pl
1
0
for α˜H2  1 , (2.24)
and from Eq. (2.23) we find
nS − 1 ≈
{
−20 − η0 for α˜H2  1
−η0 for α˜H2  1
. (2.25)
As we see, we find the single field the standard results in the case of standard attractor α˜H2  1.
In the case of the Gauss-Bonnet attractor α˜H2  1, we find new results which we discuss later in
Section 5.
3 Gravitational waves
Now we study primordial GWs in this scenario. The tensor perturbations around the background
Eq. (2.3) are given by
N = 1 , N i = 0 , γij = a
2ehij , (3.1)
where hij represents tensor perturbations satisfying the transverse and traceless conditions ∂
ihij =
0 = hii.
Substituting (3.1) in the action (2.2) and expanding up to the second order in perturbations,
after some integration by parts, we find the quadratic action for the tensor perturbations [17]
STT =
M2Pl
8
∫
dtd3xa3Γ
[
h˙ijh˙
ij − c2T
∂kh
ij∂khij
a2
− ∂
2hij∂2hij
M2a4
]
, (3.2)
which in Fourier space takes the form
STT =
M2Pl
8
∫
dtd3ka3Γ
[
h˙ijh˙
ij −
(
c2T
k2
a2
+
1
M2
k4
a4
)
hijh
ij
]
. (3.3)
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Here, we have defined
c2T ≡ 1− 
H2
M2
, M ≡
√
Γ
4α˜
, (3.4)
cT denotes the speed of GWs, and M is some mass scale defined by the Hubble expansion rate and
the Gauss-Bonnet coupling constant.
The equation of motion for GWs at the linear order is
h¨ij + 3H
(
1− 
3
H2
M2
)
h˙ij +
(
c2T
k2
a2
+
1
M2
k4
a4
)
hij = 0 . (3.5)
3.1 Dispersion relation and constraints on α˜
The dispersion relation for the tensor modes can be obtained from the quadratic action (3.3), or
equivalently from the equation of motion (3.5), and it takes the form
ω2 = c2T
k2
a2
+
1
M2
k4
a4
. (3.6)
From Eqs. (3.4) we see that c2T ≈ 1 and c2T ≈ 1− 20 for α˜H2  1 and α˜H2  1 respectively.
Therefore, the condition c2T > 0 is always satisfied by the attractor solution in both limits in (2.11)
as far as the slow-roll conditions hold. Moreover, there also exists the k4 term and its coefficient
M−2 is positive for both α˜H2  1 and α˜H2  1 so long as α˜ > 0. Therefore, the tensor modes are
free of either ghost or gradient instabilities for α˜ > 0 and H˙ < 0.
The appearance of the Lorentz-violating k4 term is the characteristic properties of the theory
and it is not properties of the cosmological background geometry that we deal with it here. To see
this fact explicitly, we look at the Minkowski limit ω2 = k2 + 4α˜k4 where the k4 term is present and
dominates at small scales k →∞ so that ω2 ≈ 4α˜k4. We, therefore, look for the role of this nonlinear
term in our model. We first note that for the modes deep inside the horizon, the k4 term dominates
and then determines the positive frequency condition for the Bunch-Davies vacuum. Second, since
we have computed the power spectrum at the time of horizon crossing, to have observable effects
from the k4 term we should estimate its order of magnitude at the time of horizon crossing. In the
case of the standard attractor α˜H2  1, the k4 term is suppressed at the time of horizon crossing
while we see that it becomes comparable with the standard k2 term for the Gauss-Bonnet attractor
α˜H2  1, where we have used M ≈ H/√2. The Gauss-Bonnet attractor α˜H2  1 then provides
a new early universe scenario for the primordial GWs. To see whether this regime is possible or
not, let us look at the current bounds on α˜. There are different bounds on α˜ coming from: a)
constraints on the speed of GWs |1− cT | ∼ 10−15 [30]; b) constraints on the correction that appears
in the friction term in Eq. (3.5) [31,32]; c) constraints on the Lorentz-violating k4 term [33–35]; d)
constraints from neutron stars [36]. The strongest current bound comes from the Lorentz-violation
term and neutron stars which is given by [17]
α˜ . O(1) eV−2 . (3.7)
Considering the Hubble expansion rate to be less than the Planck scale H MPl, we see that the
condition α˜H2  1 can be easily achieved for the ranges of α˜ well below the above bound. Indeed
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we explicitly confirm this fact in Section 5 by looking at the CMB observational bounds on the
inflationary observables that we computed. Thus, from now on, we focus only on the Gauss-Bonnet
attractor α˜H2  1 as a new scenario for the primordial GWs.
3.2 Power spectrum of GWs
In order to quantize the system we first decompose the tensor modes in terms of the polarization
tensors, which satisfy the traceless esii(k) = 0 and transverse k
iesij(k) = 0 conditions, as
hij(τ,k) =
∑
s
hs(τ,k)esij(k) . (3.8)
Defining the canonical field
h¯s(τ,k) =
MPl
2
(
a
√
Γ
)
hs(τ,k) , (3.9)
the action (3.3) in the conformal time takes the form
STT =
1
2
∑
s
∫
dτd3k
[∣∣h¯′s∣∣2 − (c2Tk2 + 1M2 k4a2 −
(
a
√
Γ
)′′
a
√
Γ
)∣∣h¯s∣∣2] , (3.10)
where we have normalized the polarization tensors so that esij(k)e
s′∗
ij (k) = δ
ss′ . Promoting the
canonically normalized tensor variables (3.9) to operators, we expand them in terms of the creation
and annihilation operators as
h¯s(τ,k) = h¯k(τ)a
s
k + h¯
∗
k(τ)a
s†
−k ;
[
ask, a
s′†
k′
]
= (2pi)3δss
′
δ(k− k′) . (3.11)
The mode function h¯k satisfies
h¯′′k +
(
c2Tk
2 +
H2
M2
k4τ 2 − ν
2
T − 1/4
τ 2
)
h¯k = 0 , (3.12)
where we have defined
νT ≡ 3
2
+

Γ
+ ξ2T , ξ
2
T ≡ −
η
3
+

3Γ
(5+ η)− 2
2
3Γ2
, (3.13)
and we have neglected the terms that are third and higher orders in the slow-roll parameters.
The exact solution of Eq. (3.12) can be written in terms of the Whittaker function and its
complex conjugate. The positive frequency Bunch-Davies solution is given by (see appendix A for
the details)
h¯k =
(M
H
)1/2 e−pic2TM8H√−2τk W
(
ic2TM
4H
,
νT
2
,−iHk
2τ 2
M
)
. (3.14)
In appendix A, we have shown that the above solution correctly recovers the standard result of the
linear dispersion relation for M  H. Moreover, for the case of νT = 3/2, we have shown that
our result reduces to the result of Ref. [37], where a nonlinear dispersion relation for the curvature
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perturbations was studied. Also, we have recovered the results of ghost inflation [38] for cT = 0
and νT = 3/2.
The two-point correlation function for the tensor helicities then will be
〈hs(τ,k)hs′(τ,k′)〉 = 4(1− )2H
2τ 2
M2plΓ
|h¯k|2 δss′δ(k + k′) . (3.15)
The dimensionless power spectrum is defined as 〈hij(τ,k)hij(τ,k′)〉 ≡ (2pi2/k3)∆2h(k)(2pi)3δ(k+k′).
Then relation (3.15) leads to
∆2h(k) = 4(1− )2
H2k3τ 2
pi2M2plΓ
|h¯k|2 . (3.16)
Substituting Eq. (3.14) in the above relation and then using the small argument behaviour
W (κ, µ, z) ≈ z1/2−µ Γ(2µ)
Γ(µ+1/2−κ) for z → 0, we find the following result for the limit kτ → 0
∆2h(k) =
2
pi2
(1− )2
( H
MPl
)2 1
Γ
(M
H
)νT Γ(νT )2 e−pic2TM4H∣∣Γ(νT
2
+ 1
2
− ic2TM
4H
)∣∣2 (− kτ)3−2νT , (3.17)
which also holds at the time of horizon crossing.
The tilt for the tensor power spectrum is given by
nT ≡ d ln ∆
2
h
d ln k
= 3− 2νT = −2
Γ
− 2ξ2T . (3.18)
Now, neglecting the suppressed slow-roll corrections (cT = 1 and νT = 3/2) and looking at the
two different attractor regimes defined in Eq. (2.11), from Eq. (3.17) we find
∆2h ≈
{
2
pi2
(
H
MPl
)2
for α˜H2  1 (M  H)
c
pi2
2
α˜M2Pl
for α˜H2  1 , (3.19)
where c ≡ pi
215/4
× e−pi/4
√
2
|Γ(1/4−i/4√2)|2 ≈ 0.17 is a numerical constant. In the above, to obtain the standard
power spectrum in the limit of α˜H2  1 we have used the relation (A13). For the spectral tilt of
the tensor modes, from Eq. (3.18) we find
nT ≈
{
−20 for α˜H2  1
1
3
0η0 for α˜H
2  1 , (3.20)
and the tensor to scalar ratio turns out to be
r =
{
160 for α˜H
2  1 (M  H)
16c0 for α˜H
2  1 . (3.21)
We then find modification of the standard relation r = 160 so that the tensor to scalar ratio is
decreased since c ≈ 0.17. Moreover, the consistency condition r = −8nT is also modified for the
Gauss-Bonnet attractor. We discuss these new results in Section 5.
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3.3 Order estimate based on scaling dimensions
Having obtained the power spectrum of the GWs by the direct calculations, it is also useful to look
at the dispersion relation by means of which we will be able to estimate the order of magnitude of
the power spectrum by the scaling dimensions analysis [38–40].
The dispersion relation Eq. (3.6) includes linear k2 and nonlinear k4 terms. These two terms
have different scaling dimensions. We note that when energy scales by a factor s as E → sE, the
time would scale as t → s−1t by definition. For the nonlinear term we have ω ∝ k2, and therefore
we would have k → s1/2k or equivalently x → s−1/2x. Using the fact that quadratic action (3.3)
should be invariant under this scaling for the nonlinear term, we find the scaling dimension for the
canonical tensor modes as h¯ → s1/4h¯ where we schematically represent both polarizations of the
tensor modes h¯s by h¯. In this regard, we have h¯ ∼ (HM3)1/4 for the nonlinear dispersion relation
while the similar analysis for the linear dispersion relation leads to the standard result h¯ ∼ H.
Now, using the definition Eq. (3.9), we find amplitude of the standard tensor modes as follows
h ∼
{
1
α˜1/2MPl
(
H
M
)
for ω2 ∝ k2
1
α˜1/2MPl
(
H
M
)1/4
for ω2 ∝ k4 . (3.22)
For the standard attractor regime α˜H2  1, from (3.4) we have M ∼ α˜−1/2 which after substituting
in the above relations, we find the result h ∼ H for k2 term and also we see that the effects of k4
term are negligible. Therefore, in the standard attractor regime α˜H2  1 we find the standard
power spectrum for the primordial GWs. Of more interest is, however, the Gauss-Bonnet attractor
regime α˜H2  1 for which M ∼ H and these terms give comparable contributions at the time
of horizon crossing as h ∼ α˜−1/2M−1Pl . These results are in complete agreement with the result
(3.19) which we obtained from the direct calculations. We have therefore confirmed the order of
magnitude of the power spectrum without direct computations. From the direct computations we
can find the numerical prefactor as we did in (3.19). The scaling dimension analysis would be also
very useful when we estimate the size of non-Gaussianities.
4 Non-Gaussianity of gravitational waves
In the previous sections, we have studied the linear perturbations for both the curvature perturba-
tions and GWs. The next step is to study the nonlinear perturbations and find non-Gaussianities
(NGs). As it is well known, even in slow-roll single field inflationary models, NG of curvature per-
turbations is model-dependent [41]. On the other hand, some properties of NGs of GWs are more
or less model independent [42]. Moreover, we have seen that the GWs power spectrum is affected
by the novel k4 form of the dispersion relation while we have the standard linear dispersion relation
for the curvature perturbations. Therefore, in this section, we look at the NGs of the GWs in a
model-independent manner and we leave the analysis of NGs of the curvature perturbations to the
future works.
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4.1 Cubic interactions
Substituting (3.1) in the action (2.2) and expanding up to the cubic order, after some integration
by parts, we find the cubic action for the tensor modes as follows
STTT =
4∑
I=1
∫
dt LTTTI , (4.1)
where we have defined the cubic Lagrangians
LTTT1 ≡
M2Pl
4
aΓc2T
∫
d3x
(
hikhjl − 1
2
hijhkl
)
∂i∂jhkl ,
LTTT2 ≡ −
M2Pl
a
α˜
∫
d3x
((
2∂j∂lhik − 1
2
∂k∂lhij
)
hij +
(
hikhjl − hijhkl
)
∂i∂j
)
∂2hkl ,
LTTT3 ≡ −
M2Pl
6
a3α˜H
∫
d3xh˙ilh˙ijh˙
j
l , L
TTT
4 ≡
M2Pl
2
aα˜
∫
d3xh˙ilh˙ij∂
2hj l . (4.2)
In the limit α˜→ 0, the cubic Lagrangian LTTT1 reduces to the standard result in general relativity
and all other terms vanish. In the Minkowski limit H → 0 (and thus Γ→ 1 and cT → 1) only cubic
Lagrangians LTTT1 and L
TTT
2 survive and the other two L
TTT
3 and L
TTT
4 vanish. Note that L
TTT
2
shows Lorentz-violating features at the cubic level which survives in the Minkowski limit.
Before performing the direct calculations, let us estimate the order of magnitude of the ampli-
tudes of the three-point functions using the scaling dimension method similar to what we did in the
previous section for the two-point function. Using the fact that time derivatives and spatial deriva-
tives are proportional to ω and k, we can find the order of magnitudes of the above interactions
as
LTTT1 ∼M2Plh3 Γk2 , LTTT2 ∼M2Plh3 α˜k4 , LTTT3 ∼M2Plh3 α˜Hω3 , LTTT4 ∼M2Plh3 α˜ω2k2 ,
(4.3)
where we have neglected the slow-roll corrections so that cT ≈ 1. We are interested in the regime
α˜H2  1 (where Γ ∼ α˜H2) and looking at the dispersion relation (3.6), we see that all terms have
same order of magnitudes at the time of horizon crossing. We therefore need to take into account
the effects of all cubic interactions in calculations of the three-point functions.
4.2 In-in formalism
Now, we implement the so-called in-in formalism to compute the tensor NG. The dominant con-
tributions from all cubic interactions (4.2) are given by the simplest case of one-vertex tree-level
Feynman diagrams and the three-point correlation function of the tensor polarizations is given
by [43,44]
〈hs1(τ,k1)hs2(τ,k2)hs3(τ,k3)〉 = −i
∫ τ
−∞
dη a(η)
〈[
hs1(τ,k1)h
s2(τ,k2)h
s3(τ,k3), Hint(η)
]〉
, (4.4)
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where Hint is the total cubic interaction Hamiltonian given by
Hint =
4∑
I=1
H
(I)
int , with H
(I)
int = −LTTTI , (4.5)
and all fields are in the interaction picture. Going to the Fourier space and expanding the tensor
modes in terms of the polarization tensors as in (3.8), we find the following expressions for the
different interaction Hamiltonians
H
(1)
int =
M2PlaΓc
2
T
4(2pi)6
∫
d3p1d
3p2d
3p3δ(p1 + p2 + p3)
∑
si
p23 h
s1(η,p1)h
s2(η,p2)h
s3(η,p3) Π
si
1 (pi) ,
(4.6)
H
(2)
int =
M2Plα˜
a(2pi)6
∫
d3p1d
3p2d
3p3δ(p1 + p2 + p3)
∑
si
p43 h
s1(η,p1)h
s2(η,p2)h
s3(η,p3) Π
si
2 (pi), (4.7)
H
(3)
int =
M2Plα˜H
6(2pi)6
∫
d3p1d
3p2d
3p3δ(p1 + p2 + p3)
∑
si
d
dη
hs1(η,p1)
d
dη
hs2(η,p2)
d
dη
hs3(η,p3) Π
si(pi),
(4.8)
H
(4)
int =
M2Plα˜
2a(2pi)6
∫
d3p1d
3p2d
3p3δ(p1 + p2 + p3)
∑
si
p23
d
dη
hs1(η,p1)
d
dη
hs2(η,p2)h
s3(η,p3) Π
si(pi) ,
(4.9)
where we have defined
Πsi1 (pi) ≡ Πij ik,jl,kl(si, pi)−
1
2
Πij ij,kl,kl(si, pi) , Π
si(pi) ≡ Πiilk,jl,jk(si, pi) ,
Πsi2 (pi) ≡ Πijjk,il,kl(si, pi)− Πij ij,kl,kl(si, pi) +
p21
p23
[
2Πij ik,jl,kl(si, pi)− 1
2
Πij ij,kl,kl(si, pi)
]
, (4.10)
with
Πijkl,mn,rt(si,pi) ≡ p
i
3p
j
3
p23
es1kl (p1)e
s2
mn(p2)e
s3
rt (p3) . (4.11)
Note that although (4.11) depends on the directions of the momenta, the quantities Πsi1 (pi), Π
si
2 (pi),
and Πsi(pi) which are constructed from the different contractions of the polarizations tensors, de-
pend only on the magnitude of the momenta. The explicit form of these quantities are obtained in
appendix B and we use them to find shapes of the bi-spectra later.
4.3 Amplitude of three-point function
As usual, we define the amplitude of the three-point function
〈hs1(τ,k1)hs2(τ,k2)hs3(τ,k3)〉 ≡ As1s2s3(k1, k2, k3)(2pi)3δ(k1 + k2 + k3) , (4.12)
and we classify contributions from the different interactions to this amplitude as follows
As1s2s3(k1, k2, k3) =
4∑
I=1
As1s2s3(I) (k1, k2, k3) . (4.13)
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Substituting interaction Hamiltonians (4.6), (4.7), (4.8), and (4.9) into the formula (4.4) and
using Wick’s theorem, from definitions (4.12) and (4.13) we find
As1s2s3(1) = 2α˜M
2
Plc
2
T
(M
H
)2 ∫ τ
−∞
dη
η2
Im
[ 3∏
i=1
Gki(τ, η)
]
k23 Π
s1s2s3
1 (k1, k2, k3) + 5 perm , (4.14)
As1s2s3(2) = 2α˜M
2
Pl
∫ τ
−∞
dη Im
[ 3∏
i=1
Gki(τ, η)
]
k43 Π
s1s2s3
2 (k1, k2, k3) + 5 perm , (4.15)
As1s2s3(3) = −
1
3
α˜M2Pl
∫ τ
−∞
dη
η
Im
[ 3∏
i=1
∂ηGki(τ, η)
]
Πs1s2s3(k1, k2, k3) + 5 perm , (4.16)
As1s2s3(4) = α˜M
2
Pl
∫ τ
−∞
dη Im
[ 2∏
i=1
∂ηGki(τ, η)Gk3(τ, η)
]
k23 Π
s1s2s3(k1, k2, k3) + 5 perm , (4.17)
where we have neglected the slow-roll suppressed corrections and thus set νT = 3/2, and we have
also defined the Wightman function
Gk(τ, η) ≡ 4h¯k(τ)h¯
∗
k(η)
M2PlΓa(τ)a(η)
=
√
τη
2k2
H
M
e−
pic2TM
4H
α˜M2Pl
W
(
ic2TM
4H
,
3
4
,−iHk
2τ 2
M
)
W
(
−ic
2
TM
4H
,
3
4
,
iHk2η2
M
)
.
We are interested in the bi-spectrum after the time of horizon crossing τ → 0 where the Wight-
man function takes the form
Gk(0, η) =
1
2α˜M2P
f(kη)
k3
, (4.18)
where we have defined
f(x) ≡
√
pi
2
(H
M
)3/4 (−1)1/8e−pic2TM4H
Γ
(
5
4
− ic2TM
4H
) √−xW (−ic2TM
4H
,
3
4
,
iHx2
M
)
. (4.19)
In terms of this new function we find
As1s2s3(1) =
c2T
(2α˜M2Pl)
2
(M
H
)2 I(1)(x2, x3)
k21k
2
2k
2
3
x3
x2
Πs1s2s31 (x2, x3) + 5 perm , (4.20)
As1s2s3(2) =
1
(2α˜M2Pl)
2
I(2)(x2, x3)
k21k
2
2k
2
3
x33
x2
Πs1s2s32 (x2, x3) + 5 perm , (4.21)
As1s2s3(3) =
1
6(2α˜M2Pl)
2
I(3)(x2, x3)
k21k
2
2k
2
3
1
x2x3
Πs1s2s3(x2, x3) + 5 perm , (4.22)
As1s2s3(4) =
1
2(2α˜M2Pl)
2
I(4)(x2, x3)
k21k
2
2k
2
3
x3
x2
Πs1s2s3(x2, x3) + 5 perm , (4.23)
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Figure 1: Deformations of contours. The blue contours are deformed into the red contours where
the integral along C∞ can be ignored because of the asymptotic form (A4).
where we have defined x2 ≡ k2/k1, x3 ≡ k3/k1, and the time integrals
I(1)(x2, x3) = Im
[ ∫ 0
−∞
dy
y2
f(y)f(x2y)f(x3y)
]
, (4.24)
I(2)(x2, x3) = Im
[ ∫ 0
−∞
dyf(y)f(x2y)f(x3y)
]
, (4.25)
I(3)(x2, x3) = Im
[
−
∫ 0
−∞
dy
y
df(y)
dy
df(x2y)
dy
df(x3y)
dy
]
, (4.26)
I(4)(x2, x3) = Im
[ ∫ 0
−∞
dy
df(y)
dy
df(x2y)
dy
f(x3y)
]
. (4.27)
4.4 Numerical integration method
From the asymptotic form of the Whittaker function in Eq. (A4), we see that the integrands in
the integrals (4.24), (4.25), (4.26), and (4.27), oscillate fast in the early times y → −∞ and the
contribution from these oscillations would cancel each other. We, therefore, need to regularize
the integrals in this respect and we do it by going to the imaginary plane for y and finding an
appropriate contours as shown in Fig. 1. For the integrals (4.25), (4.26), and (4.27) we consider the
contour
∫ 0
−∞(1−i) that is shown in subfigure (i) in Fig. 1 and it works well. However, the real part
of the integrand in (4.24) diverges for y → 0 in the imaginary plane and we should approach this
point on the real line and not imaginary line. In order to do this, we need to change the contour∫ 0
−∞(1−i) at a complex time yc before approaching the time y = 0. On the other hand, yc should
be chosen late enough so that all contributions from the oscillating terms cancel each other. To
find this, we note that we have three oscillating functions in the integrand of integral (4.24) with
frequencies given by 1, x2, and x3. On the other hand, for the bi-spectra amplitudes A
s1s2s3 we also
have permutations of ki which provide frequencies x
−1
2 and x
−1
3 . To regularize all oscillating terms,
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we then choose the complex time yc as
yc =
−(1− i)
Max[1, x−12 , x
−1
3 ]
, (4.28)
and we take contour as
∫ yc
−∞(1−i) +
∫ Re[yc]
yc
+
∫ 0
Re[yc]
as shown in subfigure (ii) in Fig. 1. Note that
the second integral is performed parallel to the imaginary line with fixed real value Re[yc] while the
last integral is completely performed on the real line. Along these contours we can easily perform
the time integrations.
Performing numerically the integrals (4.24), (4.25), (4.26), and (4.27), following the method
that is explained above, we can obtain the bi-spectra for any polarization si using the results in
(4.20), (4.21), (4.22), and (4.23). However, since our setup is invariant under the parity, we only
need to compute A+++(k1, k2, k3) and A
++−(k1, k2, k3) and all other amplitudes can be obtained
from these quantities by using properties of them under the parity. We also set cT ≈ 1 by ignoring
slow-roll suppressed corrections and set H/M =
√
2 at the time of horizon crossing,
4.5 Results
In the case of s1 = s2 = s3 = +1, we find
A+++(I) =
A+++(I)
(2α˜M2Pl)
2
F+++(I) (x2, x3)
k21k
2
2k
2
3
, (4.29)
where A+++(I) are given by
A+++(1) ≈ 0.516 , A+++(2) ≈ 1.15 , A+++(3) ≈ −0.02 , A+++(4) ≈ −0.073 , (4.30)
and F+++(I) (x2, x3) are normalized with respect to the equilateral configuration as F+++(I) (1, 1) = 1.
The shape of the NG is completely determined by F+++(I) (x2, x3) and is shown in Fig. 2.
In the case of s1 = s2 = +1 and s3 = −1, we also find
A++−(I) =
A++−(I)
(2α˜M2Pl)
2
F++−(I) (x2, x3)
k21k
2
2k
2
3
, (4.31)
where A++−(I) are given by
A++−(1) ≈ 0.058 , A++−(2) ≈ 0.128 , A++−(3) ≈ −0.002 , A++−(4) ≈ −0.008 , (4.32)
and F++−(I) (x2, x3) are normalized as F++−(I) (1, 1) = 1 and is shown in Fig. 3.
From (4.13), we see that the total amplitude of NGs are given by A+++ =
∑
I A
+++
(I) and
A++− =
∑
I A
++−
(I) where A
+++
(I) and A
++−
(I) are computed in (4.29) and (4.31). Looking at results
(4.30) and (4.32) and also figures 2 and 3, we see that the dominant NG is given by the A+++ case
and has squeezed form. To make it more quantitative, we define the following nonlinear parameters
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Figure 2: Plots of F+++(I) (x2, x3) normalized at the equilateral configuration so that F+++(I) (1, 1) = 1
as usual
f s1s2s3NL, sq ≡ lim
k2→k1
k3→0
As1s2s3(k1, k2, k3)
Sloc(k1, k2, k3)
; Sloc(k1, k2, k3) ≡ 3
10
(2pi)4∆4ζ
∑
i k
3
i∏
i k
3
i
, (4.33)
f s1s2s3NL, eq ≡ lim
ki→k
As1s2s3(k1, k2, k3)
Seq(k1, k2, k3)
;
Seq(k1, k2, k3) ≡ 9
10
(2pi)4∆4ζ
[
−
(
1
k31k
3
2
+ 2 perm
)
− 2
k21k
2
2k
2
3
+
(
1
k1k22k
3
2
+ 5 perm
)]
,(4.34)
which quantify the so-called local-type and equilateral-type tensor bispectrum, respectively.
In the case of + + +, from the numerical integration we have seen that it has a peak at the
squeezed limit x2 → 1 and x3 → 0. Adopting the local-type template, we find
f+++NL,sq =
5r2
768c2
∑
I
A+++(I) limx2→1
x3→0
[
x3F+++(I) (x2, x3)
] ≈ 0.620 , (4.35)
where we have computed the limit numerically. In order to do so, we note that both of A+++ and
Sloc are singular at the squeezed limit but must have the same scaling behaviour in this limit. We
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Figure 3: Plots of F++−(I) (x2, x3) normalized at the equilateral configuration so that F++−(I) (1, 1) = 1
therefore numerically computed the ratio A+++/Sloc as shown in Fig. 4 and we confirmed that the
ratio A+++/Sloc indeed approaches a constant value in the squeezed limit. The numerical value in
(4.35) corresponds to the constant value that is shown in Fig. 4 for the case of x2 → 1 and x3 → 0.
For the case of + + −, from the numerical integration we have seen that it has a peak at the
equilateral limit x2 → 1 and x3 → 1. Then, adopting the equilateral-type template, we find
f++−NL,eq =
5r2
1152c2
∑
I
A++−(I) ≈ 0.19520 . (4.36)
Since the system is invariant under the parity, we have A−−− = A+++ and A−−+ = A++−.
Thus, from the above results, we see that for helicities (+ + +) and (−−−), f s1s2s3NL, sq is larger while
f s1s2s3NL, eq is larger for helicities (+ +−) and (−−+).
4.6 Observability
Let us comment on the observability of the tensor NG generated by this model. Based on the non-
linear parameters f tttNL,sq and f
ttt
NL,eq that are obtained by summing up all possible tensor helicities
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Figure 4: The ratio −20 A
+++/Sloc is plotted. In the squeezed limit, i.e. (x2, x3)→ (1, 0) or→ (0, 1),
the ratio −20 A
+++/Sloc approaches a constant value.
s1, s2, s3, current constraints within 1σ errors from Planck data [45,46] are given by
f tttNL,eq = 600± 1600 , f tttNL,sq = 290± 180 . (4.37)
From the discussion on the future prospects, although the error is still ∆f tttNL ∼ O(1) for the on-
going project like LiteBIRD [47], we can expect that ∆f tttNL,sq may be improved up to ∼ O(10−4) [48],
which is at the same level of the theoretical prediction of this model (see Eq. (4.35)).
5 Constraints on the parameters from CMB data
In the previous sections, we have seen that the scalar and tensor power spectra reduce to their
standard counterpart in the limit α˜H2  1 while they are different for the Gauss-Bonnet attractor
limit α˜H2  1. In this section we look at the observational bounds on the amplitude and tilts of
the power spectra in this limit and discuss implications of the model accordingly.
The amplitude and the tilt of the scalar power spectrum for the Gauss-Bonnet attractor α˜H2 
1 are given in (2.24) and (2.25) as
∆2ζ ≈
1
8pi2
1
α˜M2Pl
1
0
, nS − 1 ≈ −η0 . (5.1)
For the GWs from (3.19) and (3.20) we have
∆2h ≈
c
pi2
2
α˜M2Pl
, nT ≈ 1
3
0η0 , (5.2)
where c = 0.17 is a numerical constant. The tensor to scalar ratio is then
r = 16c0 . (5.3)
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Some comments are in order. First, contrary to the standard slow-roll inflation, the spectral tilt
of curvature perturbations does not depend on 0 and, as a result, the observational constraint on
the tilt requires a small positive η0. Also, the tensor-to-scalar ratio is reduced from the standard
case by a constant numerical factor c ≈ 0.17. Therefore the CMB constraint on the inflaton action
needs to be revisited. Second, we see that the tilt of tensor power spectrum is second order in
slow-roll parameters and therefore we have almost scale-invariant primordial GWs. Third, both
the scalar power spectrum (5.1) and tensor power spectrum (5.2) do not depend on the Hubble
parameter which means that the scale of inflation cannot be fixed by the CMB observations. Indeed,
we only need to satisfy the condition α˜H2  1 to get the Gauss-Bonnet attractor. From the CMB
observations, then we only get a lower bound H  α˜−1/2. Taking ∆2ζ ∼ 10−9, nS ∼ 0.96, r ∼ 10−1,
we find 0 ∼ η0 ∼ 10−2 and
α˜ ∼ (1014 GeV)−2 = 10−46 eV−2 , (5.4)
which is much below the current upper bound we already pointed out in Eq. (3.7). Therefore the
assumption α˜H2  1 that we considered from the beginning can be safely satisfied. From the
above value we find the following lower bound for the Hubble parameter
H  1014 GeV , (5.5)
to guaranty the Gauss-Bonnet attractor condition α˜H2  1. We see that the scale of inflation in
our model would be higher than the standard one H ∼ 1014 GeV. Thus, contrary to the standard
slow-roll single field inflation, detecting primordial GWs cannot fix the scale of the inflation in our
scenario for the Gauss-Bonnet attractor α˜H2  1.
Physically, the H-independence of the power spectra may be understood by the scale invariance
of the Gauss-Bonnet attractor. Since the Gauss-Bonnet term R24DGB is 4th-order in derivatives,
the 4D Gauss-Bonnet term is globally scale invariant. In the standard attractor α˜H2  1, the
power spectra of the scalar and tensor perturbations increase as the height of the inflaton potential
increases. Once the Gauss-Bonnet contributions dominate, the overall scale of the potential must be
irrelevant because of the scale invariance, meaning that α˜−1 should determine the maximum scale
of the power spectra. Note that the scale invariance is the global one. Therefore, the derivatives of
the potential have the physical meaning even in the Gauss-Bonnet attractor and the 0-dependence
of the scalar power spectrum should remain as we have confirmed explicitly. Then, the scalar power
spectrum has the tilt at the first order in the slow-roll parameters. On the other hand, the tensor
power spectrum is determined only by H2 in the standard attractor and H2 should be replaced
with α˜−1 in the Gauss-Bonnet attractor. As result, the tensor power spectrum has no tilt in the
Gauss-Bonnet attractor at the first order in the slow-roll parameters.
Despite these distinctions between the scalar power spectrum and the tensor power spectrum,
it is worth mentioning that from Eqs. (5.1), (5.2), and (5.3), we find a consistency relation for our
model
nT = −r
8
nS − 1
6c
, (5.6)
which is different than the standard one where tilt of tensor power spectrum is only related to the
tensor to scalar ratio through the relation nT = −r/8. The inflationary models can be also classified
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based on the relations between nT , nS, and r [54] and, therefore, by measuring nT in future, the
new consistency relation (5.6) can be testified by the observations2.
6 Summary and discussions
In this paper we have studied slow-roll single field inflationary universe in the context of the re-
cently proposed consistent D → 4 Einstein-Gauss-Bonnet gravity. Assuming the standard slow-roll
conditions for the inflaton, we have found one-parameter family of the attractor solutions labeled
by the rescaled Gauss-Bonnet coupling constant α˜. For α˜H2  1 (or equivalently α˜→ 0), we find
the standard slow-roll inflation. On the other hand, for α˜H2  1, we find a new attractor regime
which we called the Gauss-Bonnet attractor. We have studied linear scalar perturbations around
this new Gauss-Bonnet attractor and computed the power spectrum of the curvature perturbations
and the associated spectral tilt. In the tensor sector at the linear level, the dispersion relation for
the GWs takes nonlinear k4 correction from the Gauss-Bonnet term. We have shown that the effects
of the nonlinear k4 term on observable quantities have the same order of magnitude as those of the
standard linear k2 term for the Gauss-Bonnet attractor α˜H2  1, while they are suppressed for the
standard attractor regime α˜H2  1. We have therefore found a new scenario for the GWs. Around
the Gauss-Bonnet attractor we have found that the power spectra of curvature perturbations and
GWs do not depend on the Hubble expansion rate and therefore the scale of inflation cannot be
fixed by the CMB observations. We have only found a lower bound for the Hubble parameter for
Gauss-Bonnet attractor so that inflation with α˜H2  1 would happen at scales comparable to or
higher than that of the standard slow-roll single field inflation H ∼ 1014 GeV. We have then found
a model-independent relation and bounds from the CMB observational data. From the observed
red-tilt spectrum for the curvature perturbations, we have found η0 ∼ 10−2. The tilt of GWs is
second order in the slow-roll parameters and we thus have almost scale-invariant GWs in this sce-
nario. Finally, we studied NGs of GWs in this model and we estimated the nonlinear parameters
f s1s2s3NL, sq and f
s1s2s3
NL, eq by fitting the computed GWs bispectra with the local-type and equilateral-type
templates respectively at the squeezed limit and at the equilateral shape. We have shown that for
helicities (+ + +) and (− − −), f s1s2s3NL, sq is larger while f s1s2s3NL, eq is larger for helicities (+ + −) and
(− − +). The new inflationary scenario that we have studied here can be testified by the CMB
observations and with future more precise data can be discriminated from the standard slow-roll
single field inflation.
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A Whittaker mode function and its asymptotic behaviours
In this appendix, we present the details of the Bunch-Davies solution of Eq. (3.12)
h¯′′k +
(
c2Tk
2 + ε2k4τ 2 − ν
2
T − 1/4
τ 2
)
h¯k = 0 ; ε ≡ H
M
, (A1)
and we then discuss the different limits of the solution to recover the well-known solutions in the
literature. The case with ε → 0 (or equivalently M  H) corresponds to the standard case with
linear dispersion relations while cT → 0 corresponds to the case of ghost inflation [38]. In this
paper, we are interested in the regime where neither ε nor cT are small.
Working with the following variables
h¯k(z) = c1
wk(z)
(εz)1/4
, z ≡ −iεk2τ 2 , (A2)
from Eq. (A1), we find that wk(z) satisfies the equation of motion
w′′k +
(
− 1
4
+
κ
z
+
1/4− µ2
z2
)
wk = 0 ; µ ≡ νT
2
, κ ≡ ic
2
T
4ε
. (A3)
The general solution for wk(z) is given by the linear combination of the Whittaker functions
W (κ, µ, z) and M(κ, µ, z) [56]. For large argument limit z → ∞, Whittaker functions have the
following asymptotic behaviors
W (κ, µ, z) ∼ e−z/2zκ , M(κ, µ, z) ∼ Γ(1 + 2µ)
1/2 + µ− κe
z/2z−κ . (A4)
Looking at the definition of z in Eq. (A2), we see that for the modes deep inside the horizon
−kτ → ∞, the Whittaker function W (κ, µ, z) provides positive frequency solution and, therefore,
we only keep this branch of solution for the Bunch-Davies vacuum. In this regard, the positive
frequency solution for Eq. (A1) is given by
h¯k(z) = c1
W (κ, µ, z)
(εz)1/4
. (A5)
The remaining task is to find the constant c1 through the Wronskian condition
h¯(τ)
dh¯∗(τ)
dτ
− dh¯(τ)
dτ
h¯∗(τ) = i , (A6)
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which is guaranteed by the commutation relations in Eq. (3.11). Rewriting the above conditions
in terms of wk(z) with z defined in (A2) and using the fact that W
∗(κ, µ, z) = W (κ∗, µ∗, z∗) =
W (−κ, µ,−z), where the last step only holds in our special case, and also using the useful relation
W (κ, µ, z)dW (−κ, µ,−z)/dz−dW (κ, µ, z)/dz W (−κ, µ,−z) = e−ipiκ, we find the following solution
h¯k(z) = e
ipi
8
e−
pic2T
8ε√
2k
W (κ, µ, z)
(εz)1/4
. (A7)
Neglecting the constant phase factor which does not contribute to the cosmological correlation
functions in which we are interested as observable quantities and substituting Eq. (A2) and Eq.
(A3) for z, κ, and µ in the above solution we find the Bunch-Davies solution Eq. (3.14) which we
use to compute power spectrum and NGs in this paper.
The wave function (A7) correctly reduces to the result of Ref. [37] for νT = 3/2 where the
effects of nonlinear dispersion relation for the curvature perturbations is studied. Let us look at the
limit cT → 0 which corresponds to the case of the dispersion relation for the scalar mode in ghost
inflation [38]. In this case using the following identity
W (0, µ, z) =
√
z
pi
Kµ
(z
2
)
=
√
piz
2
iµ+1H(1)µ
(
iz
2
)
, (A8)
where Kµ is the modified Bessel function of the second kind and H
(1)
µ = Jµ + iYµ is the Hankel
function of the first kind with Jµ and Yµ being the standard Bessel functions of the first and second
kinds respectively, we find
h¯k = e
− 3ipi
8
√
pi
8
√−τH(1)3/4
(
Hk2τ 2
2M
)
, (A9)
which up to a constant phase factor coincides with the result of Ref. [38].
Now, we look at the limit ε → 0 (or equivalently M  H) which corresponds to the standard
case with linear dispersion relation. In order to do so, we write the Whittaker function in terms of
the Kummer function U through the identity
W (κ, µ, z) = e−z/2zµ+1/2U(1/2 + µ− κ, 1 + 2µ, z) . (A10)
From Eq. (A3), we see that limit ε → 0 corresponds to κ → ∞ and in this limit we can use the
following relation [56]
lim
a→∞
[
Γ(1 + a− b)U(a, b,−z/a)
]
= −ipieipibz1/2−b/2H(1)b−1(2
√
z) , (A11)
which gives
lim
ε→0
W (κ, µ, z) = piei
pi
2
(1+4µ) lim
ε→0
[ z1/2κ−µ
Γ(1/2− µ− κ)H
(1)
2µ (2
√
κz)
]
. (A12)
From Eq. (A3) we have z = |Im[z]|eipi/2 and κ = |Im[κ]|. We then use the following asymptotic
identity
lim
|a|→∞
|Γ(b+ ia)| =
√
2pi|a|b−1/2e−pi|a|/2 , (A13)
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which is valid for finite values of b and find the result
lim
ε→0
W (κ, µ, z) = eiθ
√
pi
2
|Im[z]|1/2epi|Im[κ]|/2H(1)2µ
(
2
√
|Im[z]Im[κ]|) , (A14)
where we have defined the phase θ ≡ 3pi/4 + 2µ + Im[Γ(1/2 − µ − κ)]/Re[Γ(1/2 − µ − κ)]. Using
Eqs. (A14) in (A7), we finally find the well-known result
lim
ε→0
h¯k(z) = e
iθ
√
pi
2
√−τH(1)νT (−cTkτ) . (A15)
In this appendix and throughout the whole paper we worked with the principal values −pi
2
≤
arg[z] ≤ +pi
2
for a complex variable z.
B Circular polarization tensors
In this appendix, we compute explicit expressions for the terms with different contractions of
momenta and polarizations tensors which appear in calculations of the GWs three-point correlation
functions.
From the conservation of momentum, we always deal with the case of p1+p2+p3 = 0. Therefore,
the momenta pi are restricted to a plane and the matrix e
si(pi) made of components of the circular
polarization tensor esiij(pi) simplifies to [57,58]
esi(pi) :=
1
2
 sin2 ϕi − sinϕi cosϕi −isi sinϕi− sinϕi cosϕi cos2 ϕi isi cosϕi
−isi sinϕi isi cosϕi −1
 , (B1)
where ϕi are azimuthal angles which determine pi. Every momenta has its own magnitudes while
their direction can be completely fixed through two relative angles ϕ2−ϕ1 and ϕ3−ϕ1. Therefore,
without loss of generality, we choose the origin so that ϕ1 = 0 and the conservation of momentum
yields
cosϕ2 =
x23 − x22 − 1
2x2
, sinϕ2 =
λ
2x2
, cosϕ3 =
x22 − x23 − 1
2x3
, sinϕ3 = − λ
2x3
,
with λ =
√
2x22 + 2x
2
2x
2
3 + 2x
2
3 − 1− x42 − x43 , (B2)
where we have defined the wave number ratios
x2 ≡ p2
p1
, x3 ≡ p3
p1
. (B3)
Now, we define the following tensor
Πijkl,mn,rt(si,pi) ≡ p
i
3p
j
3
p23
es1kl (p1)e
s2
mn(p2)e
s3
rt (p3) , (B4)
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from which we can define all the quantities that we need in the calculations of the three-point
functions as follows
Πsi1 (pi) ≡ Πij ik,jl,kl(si, pi)−
1
2
Πij ij,kl,kl(si, pi) , Π
si(pi) ≡ Πiilk,jl,jk(si, pi) ,
Πsi2 (pi) ≡ Πijjk,il,kl(si, pi)− Πij ij,kl,kl(si, pi) +
p21
p23
[
2Πij ik,jl,kl(si, pi)− 1
2
Πij ij,kl,kl(si, pi)
]
. (B5)
Note that after contracting all indices of (B4), first it becomes a function of the magnitude of the
momenta only and second, it can be rewritten completely in terms of the ratios of the momenta
defined in (B3).
Substituting (B4) into (B5), and then using (B2), after some manipulations, we find the following
explicit expressions
Πs1,s2,s31 (p1, p2, p3) = −
1
64
[
− 8s2s3 sinϕ2 + 8s1 sin(ϕ2 − ϕ3) (s2 − s3 cos (ϕ2 − ϕ3)) (B6)
+ sin(2ϕ2 − 3ϕ3) + 3 sin (2ϕ2 − ϕ3) + 6 sin (ϕ3)
]
sinϕ3 ,
Πs1,s2,s32 (p1, p2, p3) = −
1
64x23
[
16s1s2 sin(ϕ2 − ϕ3)− 8s1s3 sin 2(ϕ2 − ϕ3) + 8s1s2x23 sin (ϕ2 − ϕ3)
(B7)
− 4s1s3x23 sin 2 (ϕ2 − ϕ3)− 4s2s3
(
1− x23
)
sin (ϕ2 − 2ϕ3)− 12s2s3
(
1 + x23
)
sin (ϕ2)
+ 3 sin (2ϕ2 − 3ϕ3) + 5 sin (2ϕ2 − ϕ3) + 4x23 sin (2ϕ2 − ϕ3) + 6
(
1 + 2x23
)
sinϕ3
]
sinϕ3 ,
Πs1,s2,s3(p1, p2, p3) =
1
32
[
4 sinϕ3 cosϕ2 (s1s2 sinϕ3 + sinϕ2 (cosϕ3 − s1s3)) (B8)
+ 4 sinϕ2 (s1s3 sinϕ2 cosϕ3 + s2 sinϕ3 (s3 − s1 cosϕ3)) + 2 cos 2ϕ3 cos2 ϕ2 + cos 2ϕ2 − 3
]
.
In particular case of s1 = s2 = s3 = +, they simplify to
Π+++1 (x2, x3) = −
(x2 − 3x3 − 1) (x2 − x3 − 1) (x2 − x3 + 1) (x2 + x3 − 1) 2 (x2 + x3 + 1) 3
256x22x
4
3
,
Π+++2 (x2, x3) =
(x2 − x3 − 1) (x2 − x3 + 1) (x2 + x3 − 1) 2 (x2 + x3 + 1) 3 (4x33 + 5x3 − 3x2 + 3)
256x22x
6
3
,
Π+++(x2, x3) =
((x2 − x3) 2 − 1) (x2 + x3 − 1) (x2 + x3 + 1) 3
64x22x
2
3
, (B9)
and also for the case of s1 = s2 = + and s3 = −, we have
Π++−1 (x2, x3) = Π
+++
1 (x2,−x3) , Π++−2 (x2, x3) = Π+++2 (x2,−x3) ,
Π++−(x2, x3) = Π+++(x2,−x3) . (B10)
We use the above explicit expressions to find shapes of the bi-spectra for the graviton NGs.
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